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Introduction 

Quasideterminants of noncommutative matrices introduced in [GR, GR1] have 
proved to be a powerfull tool in basic problems of noncommutative algebra and 
geometry (see [GR, GR1-GR4, GKLLRT, GV, EGR, EGR1, ER,KL, KLT, LST, 
Mo, Mol, P, RS, RRV, Rsh, Sch]). In general, the quasideterminants of matrix 
A = (dij) are rational functions in (ay)'s. The minimal number of successive inver- 
sions required to express an rational function is called the height of this function. 
The "inversion height" is an important invariant showing a degree of "noncommu- 
tativity" . 

In general, the height of the quasideterminants of matrices of order n equals n — 1 
(see [Re]). Quasideterminants are most useful when, as in commutative case, their 
height is less or equal to 1. Such examples include quantum matrices and their 
generalizations, matrices of differential operators, etc. (see [GR, GR1-GR4, ER]). 

Quasideterminants of quaternionic matrices A = (a^) provide a closely related 
example. They can be written as a ratio of polynomials in a^-'s and their conju- 
gates. In fact, our Theorem 3.3 shows that any quasideterminant of A is a sum of 
monomials in the a^ 's and the Ojj's with real coefficients. 

The theory of quasideterminants leads to a natural definition of determinants of 
square matrices over noncommutative rings. 

There is a long history of attempts to develop such a theory. These works have 
resulted in a number of useful generalizations of determinants to special classes 
of noncommutative rings, e.g. [B, C, Ca, Di, Dyl, F, H, KS, O, R, SK, W] a.o. 
to noncommutative determinants. In all these cases noncommutative determinants 
can be expressed as products of quasideterminants. It shows that quasideterminants 
tend to be a more fundamental notion in noncommutative algebra. 

In particular, studies of quaternionic linear algebra initiated by Hamilton has 
resulted in notions of determinants due to Study and Moore and their applications 
[Ad, Al, As, Dy, Dyl]. We show here that these definitions may be obtained from 
a general procedure as products of quasideterminants. 

A good expostion of quaternionic determinants can be found in [As]. 



The results of this paper can be easily generalized to a large variety of algebras 
with anti-involutions. 
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about relations between quasideterminants and determinants were very stimulating. 

The second author wsa partially supported by the National Science Foundation. 

I. Preliminary 

1.1. Quaternions. 

The algebra of quaternions EI is a unital M-algebra with generators i, j, k such 
that 

i 2 =j 2 = k 2 = -l, ij = k=-ji, jk = i = -kj, ki=j = -ik. 

Elements h G H can be written as h = a + bi + cj + dh where a, b,c,d G R. 
Conjugation h i— > h in H is defined by h = a — bi — cj — dk and satisfies xy = yx. It 
follows that hh = hh. 

Define the norm v{K) of a quaternion h by setting v(h) = hh. The norm v(h) 
is a non-negative real number and v(h) = if and only if h = 0. By definition, 
\a\ = ^Jv{a). It follows that h~ x is equal to h up to a central coefficient: 



The field of real numbers R is canonically identified with a subfield in H via 
embedding a i— > a + Oi + Oj + Ok. Then h = h if and only if h G K. The center of EI 
coincides with 1R. 

An embedding of the field of complex numbers C into H is defined by an image 
of i G C. We chose the embedding given by a + bi i— > a + bi + Oj + Ok, where a, b G M. 
The embedding C into H agrees with the conjugation. 

Under these identifications every quaternionic number h can be written as h = 
a + j/3 where a, j3 G C. 

Let M(n, F) be the algebra of n x n-matrices over a field F. Define a map 
# : H -> M(2, C) by setting 

w=6 if)- 

It is well-known that # is a homomorphism of M-algebras. Also, det 9(h) = v(h). 

If matrix A = (a^j), z, j = 1, . . . , n is a quaternionic matrix, define its corresponds 
its Hermitian dual matrix to be A* = (bij) where bij = dj^ for all A is a 
Hermitian matrix if A = A*. 



1.2. Quasideterminants. 
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1.1.2. Definition of quasideterminants. 

The definition of quasideterminants and their main properties were given in [GR. 
GR1-GR4] . 

Let A = (a,ij),i E I,j E J be a matrix over a ring R. Construct the following 
submatrices of A: submatrix A tj , i E /, j E J obtained from A by deleting its i-th 
row and j-th column; row submatrix r\ obtained from i-th row of A by deleting the 
element column submatrix c % - obtained from j-th column of A by deleting the 
element a^ . 

Definition 1.1. Let A be a square matrix. We say that the quasideterminant \A\ij 
is defined if the submatrix A l i is invertible over the ring R. In this case 

(1.1) A„ ay r/(,l ; '| l c*. 

We set \A\ij = ay if I = {i}, J = {j}. 

If inverses to the quasideterminants |A JJ | P9 , p ^ i, q ^ j , are defined then 



(1-2) \A\ij — a,ij ^ a iq \A^\ v ^a p j. 

Here the sum is taken over all p E I \ {i}, q E J \ {j}. 

If A is an n x n-matrix there exist up to n 2 quasideterminants of A. 

If A is a square matrix we call a quasideterminant of any k x /c-submatrix a 
fc-quasiminor of A. 

Examples 1.2. 

1) For a matrix A = (a,ij),i,j = 1,2 there exist four quasideterminants if the 
corresponding entries are invertible 

j 11 = Oil — «12 ' 0-22 ' a 21 , |^-|l2 = 0-12 — Oil ' 0-21 ' a 22, 

I ^4 1 21 = ^21 — ^22 ' 12 • ail, 1 4 1 22 = «22 — «21 ' • ai2- 

If an entry, say 022 is not invertible then the quasidetrminant \A\u does not 
exist. 

2) For a matrix A = (ay), i,j = 1, 2, 3 there exist up to 9 quasideterminants but 
we will write here only 

|^4|ll = a ll — ^12(022 — a23°33 lo 32) 1 «21 _ Al2(«32 — ^33 ' a 23 lfl 22) 1 «31 
_ Al3( a 23 — a 22«32 a 33) lfl 21 — Al3( a 33 — a 32 ' «22 a 23) lfl 31 

provided all inverses are defined. 

Remark. If each ay is an invertible morphism Vj — > Vi in an additive category then 
the quasideterminant \A\ pq is also a morphism from the object V q to the object V p . 
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Example 1.3. 

Quasideterminants are not generalizations of determinants over a commutative 
ring but generalizations of the ratio of two determinants. If in formulas (1.1), or 
(1.2) the variables commute then 

\A\ (-1)p+i^A- 
1 lpq [ ' del API' 

As a general rule, quasideterminants are rational functions in their entries but 
not polynomials. 

The following theorem was conjectured by I. Gelfand and V. Retakh, and proved 
by Reutenauer [Re]. 

Theorem 1.4. Quasideterminants of the n x n-matrix with formal entries have the 
inversion height n — 1 over the free skew-field generated by its entries. 

1.3. General properties of quasideterminants 

Elementary properties of quasideterminants. 

i) The quasideterminant \A\ pq does not depend on the permutation of rows 
and columns in the matrix A if the p-th row and the q-th column are not 
changed; 

ii) The multiplication of rows and columns. Let the matrix B be constructed 
from the matrix A by multiplication of its i-th row by a scalar A from the 
left. Then 

\\A\ij if k = i 

\A\kj if k ^ i and A is invertible. 

Let the matrix C be constructed from the matrix A by multiplication of its 
j-th column by a scalar \i from the right. Then 

\A\ijii if £ = j 

\A\n if t ^ j and fi is invertible. 



\B\ 



kj 



\c\ 



iii) The addition of rows and columns. Let the matrix B be constructed by 
adding to the p-th row of the matrix A its k-th. row multiplied by a scalar 
A from the left, where k ^ p. Then 

\A\ij = \B\ij, i = 1, . . . k — 1, k + 1, . . . n,j = 1, . . . , n. 

Let the matrix C be constructed by addition to the q-th. column of the 
matrix A its £-th column multiplied by a scalar A from the right, where 
i^q. Then 

= \C\ij, i = 1, . . . ,n,j = 1, . . . ,£ - 1,£+ 1, . . .n. 
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Homological relations. The ratio of two quasideterminants of the same square 
matrix is the ratio of two quasiminors. This is a consequence of the following 
homological relations [GR, GR1]: 

Theorem 1.5. 

a) Row homological relations: 

-Ma -1^17/ = 1^-1^17/ v^z 

b) Column homological relations: 

-\A k *\« 1 -\A\ ij = \A i J\i t 1 -\A\ kj Vr^j 






Heredity. Let A = (aij), i,j = 1, . . . , n, be a matrix and 

... A ls 
... A s 

be a block decomposition of A. Denote by A = (Aij), i,j = 1, . . . ,s, the matrix 
with Ajj's as entries. Suppose that 



A 



is a square matrix and that \A\ pq is defined. 
Theorem 1.6. 

\A\ k , tl = \ \A\ pq \ k , e , for k' = k, . . . ,k + m, £' = £,...,£ + m. 

In particular, let A = ( ^ 12 J be a block decomposition of A = (aij), i,j = 

\A 2 i A 2 2 J 

1, . . . , n. Let An be a k x /c-matrix and let the matrix A22 be invertible. 
Then \A\ij = \ An - Ai 2 A^ ■ A 2 i\ij for i, j = 1 , fc. 

In other words, the quasideterminant \A\ij of an n x n matrix can be computed 
in two steps: first, consider the quasideterminant |^4|n = An — A\ 2 ■ A^ ■ A 2 i of 

a 2 x 2-matrix A = ( ^j" 11 ^j" 12 J ; and second, consider the corresponding quaside- 
\A2l A22 J 

terminant of the k x /c-matrix |A|n. 



Basic identities. The following noncommutative analogue of Sylvester's identity 
is closely related with the heredity property. Let A = (Aij),i,j = l,...,n, be 
a matrix over a noncommutative skew-field. Suppose that the submatrix Aq = 
(dij), i,j = l,...,k,is invertible. For p, q = k + 1, . . . , n set 



bpq — 



A 



an 



CLp\ . . . ttpk Q>pq 



pq 



B = (b pq ),p,q = k + l,...,n. 
Theorem 1.7. For i,j = k + 1, . . . , n, 



\B\ 



For example, a quasideterminant of an n x n-matrix A is equal to the corre- 
sponding quasideterminant of a 2 x 2-matrix consisting of (n — 1)- quasiminors of 
the matrix A, or to the corresponding quasideterminant of an (n — 1) x (n — l)-matrix 
consisting of 2-quasiminors of the matrix A. One can use any of these procedures 
for a definition of quasideterminants. 



II. Noncommutative determinants 

Let A = (a^), i,j = 1, . . . , n, be a generic matrix over a division algebra R, i.e. 
assume all square submatrices of A are invertible. For any orderings / = (ii, . . . , i n ), 
J = (ji, . . . , j n ) of {1, . . . , n} define A tl — lk '^ 1 — : ' k to be submatrices of A obtained 
by deleting rows with indices i±, . . . ,ik and columns with indices ji, . . . ,jk- Then 
set 



n r 7 ( A\ — \A\. . \Ahji\. . I Ai\in,3\jn\. . 



. a 



n 3 ? i * 



In commutative case all Di } j(A) are equal up to a sign to the determinant of A. 
When A is a quantum matrix all Di^j(A) are equal up to a scalar to the quantum 
determinant of A [GR, GR1, KL]. The same is true for other well-known algebras. 
This gives us a reason to call the D I}J (A) the (/, J)-predeterminants of A. From 
a "categorical point of view" the expressions Di ji when i 7 = (22, 13, . . . , i n , i\) 
are particularly important. Set Di = Di^i. There are n! expressions Di. It is 
convinient to have a basic prederminant A = -D{i2...n},{i2...n}- 

We use the homological relations for quasideterminants to compare of differ- 
ent D It /s. For example, if / = (ii, i 2 , . . . , i n ), J = (ji, hi ■ ■ ■ > jn) and /' = 
(i2,*i, •••,*«), J' = {j2,ji,---,jn) it is enough to compare \A\ hjl \A n: > 1 \ i2j2 and 
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I 1*252 \A l2: > 2 \i 1 j 2 - The homological relations show that these expressions are in a 
sense "conjugate": 

1 41 . . 14*252 1. . _ 14*1511. . |4i2ji|-l 141. . \Ahji\-l 1 4i2.nl. . 14*252 1. . 

I^ 1 l*252l^ 1 \H3i ~~ \^ l*252l^ I*u' 2 l yl l*i5il yl 1*252 I I*l52l^ 1 Ui5i- 

Let i?* be the monoid of invertible elements in i? and 7r : R* — > R*/[R*, R*] be 
the canonical homomorphism of i?*. 

Proposition 2.1. 7r(A(A)) is t/ie Dieudonne determinant of A and 7r(D/ 5 j) = 
p(I)p(J)A where p(I) is the parity of ordering I. 

Note, that in [Dr] P. Draxl introduced a Dieudonne predeterminant, denoted der. 
For a generic matrix A over a division algebra there exists the Gauss decomposition 
A = UDL where U,D,L are upper-triangular, diagonal, and low-triangular matri- 
ces. Draxl denoted the product of diagonal elements in D from top to the bottom by 
5tr{A) and called it the Dieudonne predeterminant of A. For non-generic matrices 
Draxl used the Bruhat decomposition instead of Gauss decomposition. 

Proposition 2.2. der(A) = A(A). 

Proof. Let y\ , . . . , y n be the diagonal elements in D from top to the bottom. As 
shown in [GR1], y k = \A 12 - k - 1 ' 12 - k ~ 1 \ kk . Then 5er(A) = yi y 2 ...y n = A(A). 

III. QUATERNIONIC QUASIDETERMINANTS 

3.1 Norms of quaternionic matrices. 

Let M(n, H) be the M-algebra of quaternionic matrices of order n. There exists 
a multiplicative functional v : M(n,H) — > R> such that 

i) u{A) = v{a) if A e M (1, H), A = (a), 

ii) v(A) = if and only if the matrix A is non-invertible, 

iii) If A' is obtained from A by adding a left-multiple of a row to another row or 
a right-multiple of a column to another column, then v(A') = v(A). 

We will show later that for a generic quaternionic matrix A = (a^), i,j = 
1, . . . , n, a norm can be defined by induction on n by formula v{A) = z/(|A|n)^(A 11 ) 
and that v{A) is a polynomial in a^'s, a^'s. 

3.2. Quasideterminants of quaternionic matrices. 

Let A = (dij) , i,j = 1, . . . , n, be a quaternionic matrix. Let I and J be two 
ordered sets of natural numbers 1 < i\, . . . , i k < n and 1 < ji, j 2 , • ■ ■ , jk < n 
such that the z p 's are distinct and the j p 's are distinct. If k = 1 set m/ 5 j(A) = aj Ul . 
If jfe > 2 set 

771/, J (^4) = a iij2^*252 a *253^*353 a *354 • • • ^*fe5fc a *fc5 1 • 

If the matrix A is Hermitian then 

7Ti/ ; j(A) = cii 1 j 2 aj 2 i 2 ai 2 j 3 aj 3 i 3 ai 3 j 4 . . . o,j k i k ai k j 1 . 
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Remark. The monomials mi j j(A) are conviniently described in terms of paths in a 
graph. Let T n be the complete oriented 2-graph with vertices 1, . . . ,n, the arrows 
from p to q being labelled by a pq and d qp . The monomial mj ; j(A) corresponds then 
to a path from i\ to j\. 

To a quaternionic matrix A = (a P9 ), p, q = 1, . . . , n, and to a fixed row index i 
and a column index j we associate a polynomial in a pq 's, o pg 's which we call the 
(i,j)-th double permanent of A. 

Definition 2.1. The (i,j)-th double permanent of A is the sum 

taken over all orderings I = {ii, . . . , i n }, J = . . . , j n } of {1, ... , n} such that 
ii = i andji =j . 

Example 3.2. For n = 2 

nu(A) = a 12 a 2 2a2i- 

Forn = 3 

TVli(A) = ai2a32a33a23«21 + ai2«22«23«33tt31 + «13033032«22«21 + ai3a23«22032«31 • 

For any submatrix B of A denote by B c its complimentary submatrix. The 
matrix B c is obtained from A by omitting all rows and columns containing elements 
from B. If B is a k x k matrix then B c is a (n — k) x (n — k) matrix. 

One of our main results is the following theorem. 

Theorem 3.3. // the quasideterminant \A\ij of a quaternionic matrix is defined 
then 

(3.1) v(Av)\A\ tJ = £(-l)^)-M5 c K(£) 

where the sum is taken of all square submatrices B of A containing aij and K(B) 
means the order of B. 

Note that the quasideterminant \A\ij is defined if the matrix A^ is invertible. In 
this case vi^A 1 ^ is invertible and formula (3.1) gives an expression for \A\ij. 

Note that both sides in formula (3.1) are polynomials in the a^'s, the a^'s with 
real coefficients. The right-hand side in (2.1) is a linear combination of monomials 
of lengths 1, 3, . . . , 2n — 1. Let fi(n) be the number of such monomials for a matrix 
of order n. Then n(n) = 1 + (n — l) 2 /j(n — 1). 
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Example 3.4. For n = 2 



K a 22)|-4|n = K a 22Wi - a 12 a 2 2a 2 i- 

Forn = 3 

u(A 11 )\A\ 11 = u(A 11 )a 11 - 
-z/(a 33 )ai2a22a2i - ^(023)012032031 - ^(032)013023021 - ^(022)013033031 + 
+012O32O33O23O21 + 012022023033031 + 013033032022021 + 013O23O22O32O31. 

Example 3.4 shows how to simplify the general formula for quasideterminants of 
matrix of order 3 (see example 1.2) for quaternionic matrices. 

Formula (3.1) gives a recurrence relation for norms of quaternionic matrices. 
From this relation one can obtain an expression of v{A) as a polynomial in a^'s 
and their conjugates (see also subsection 4.3 below). 

Corolarry 3.5. 

v{A)v(A ij ) = ^(-l)^( s )-V(S c ) 7 r lJ (S))(^(-l)^( s )-V(S c )^(S)). 

Example 3.6. For n = 2 

v(A) = z/(aii)z/(a 22 ) + f( a i2M a 2i) - 012022021011 - 011021022012- 

For a square quaternionic matrix A = (0^) set Qij(A) = \A\iji/(A lJ ). Then one 
can rewrite formula (3.1) as 

Qij(A) = v{A ii )a ii - aiqQ Pq {A^)a pj . 

If A is a Hermitian matrix then Q pq (A i:i ) = Q qp {A l i) and 

Qij(A) = v(A ij )aij - a iq Q qp (A lJ )a pj . 

When A is a complex matrix, formula (3.1) can be written as 

det A det A ij = (-1) !+J (a l3 det A lJ - a ii det ^ det ^^pj)- 

p^i,q^j 

This implies the standard row/column expansion of the determinant. 
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IV. Determinants of quaternionic matrices 

4.1. Dieudonne determinant. 

Let A = (ciij), i,j = 1, . . . , n be a generic quaternionic matrix. Recall that for 
any orderings I = (ii, . . . , z n ), J = (ji, . . . ,j n ) of {1, ... , n} we denned expressions 

Di,j(A) = \A\i 1 j 1 \A llJ1 \i 2j j 2 \A ll ' l2,Jlj2 \i 3 j 3 ...a in j n . 

In the quaternionic case the Dieudonne determinant D maps 

D : M n (M) ^K> 

(see [As]). 

The following proposition generalizes a result from [VP] . 

Proposition 4.1. In the quaternionic case \Dj : j(A)\, the absolute value of Di t j(A) , 
is equal to D(A) for any /, J. 

A proof of Proposition 4.1 follows from the homological relations for quasideter- 
minants. 

4.2. Moore determinants of Herimitian quaternionic matrices. 

A quaternionic matrix A = (a^), i,j = 1, ...,n is Hermitian if aji = dji for 
all It follows that all diagonal elements of A are real numbers and that the 
submatrices A , A 12,12 , . . . are Hermitian. 

A determinant of Hermitian matrices was introduced by E.M. Moore in 1922 [M, 
MB]. Here we recall the original definition. 

Let A = (dij), i, j = 1, ... ,n, be a matrix over a ring. Let a be a permutation of 
{1, . . . , n}. Write a as a product of disjoint cycles such that each cycle starts with 
a smallest number. Since disjoint cycles commute, we may write 

a = (kn . . .k ljl )(k 2 i . . . k 2 j 2 ) . . . (k ml . . . k mjm ) 

where for each i, we have kn < kij for all j > 1, and kn > ki\ • • • > k m \. This 
expression is unique. Let p(cr) be a parity of a. Define Moore determinant M(A) 
by 

(4.1) M(A) = ^2 p(o-)a kllM2 ...a kljiMl a k21jk22 ...a kmjmjkml . 

o-es n 

One can write cycles starting with the largest element. This will lead to the same 
result. 

If A is Hermitian quaternionic matrix then M(A) is a real number. Moore 
determinants have nice features and are widely used (see, for example, [Al, As, 

Dyi])- 
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The following Theorem 4.3 shows that determinants of Hermitian quaternionic 
matrices can be obtained through our general approach. We prove first, that for 
quaternionic Hermitian matrix A determinants Dij(A) coincide up to a sign. 

Recall that A(A) = Dij(A) for J = {1, ... , n} and that A(A) is a pre-Dieudonne 
determinant in the sense of [Dr]. If A is Hermitian then A(A) is a product of real 
numbers and, therefore, A(A) is real. 

Proposition 4.2. Letp(I) be the parity of the ordering I . Then A(A) = p(I)p(J)Di j j(A) . 

The proof follows from homological relations for quasideterminants. 

Theorem 4.3. Let A be a Hermitian quaternionic matrix. The A(A) = M(A). 

Proof. We use Sylvester formula for quasideterminants (Theorem 1.7). 
For i,j = 2, . . . , n set 

B _ ( an a\j 

Bij is a Hermitian matrix. Let bij = M(Bij) and = 

Note that B = (6^) and C = (cy) also are Hermitian matrices. It follows 
from (3.1) that M(A) = a 2 ~ n n M{B). Note, that M(B) = a^" 1 M(C), therefore, 
M(A) = a nn M(C). 

By the noncommutative Sylvester formula (Theorem 1.7) , |A|n = |C|n, |A 11 | 2 2 = 
|C n | 22 , .... So, 

I yt 1 1 1 I /illi I a 12...n— l,12...n— 1 1 ir»H| ir»H| | / ol2...n-l,12...n-l | 

| -A \22\A \22---\A \n-l,n-l = \L> 1 22 1 1 22 • • • |t> |n-l,n-l- 

The left-hand product equals A(A)a~^ and the right-hand product equals A(C), 
so A(A) = A(C)a nn = M(A). 

4.3. Moore determinants and norms of quaternionic matrices. 

For a generic quaternionic matrix A = (a^), i,j = 1, . . . ,n, define quaternionic 
norm v(A) by induction: 

i) v(A) = v(a) if A is the 1 x 1-matrix (a), 

ii) K^) = Kl^liiH^ 11 )- 

It follows that v(A) e R> . 

Proposition 4.4. For generic matrices A, B 

i) u{AB) = u(A)u(B), 

ii) u(A) = A(A)A(A*) = A(AA*). 

Our proof is based on properties of quasideterminants. 
Since AA* is a Hermitian matrix one has the following 
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Corollary 4.5. u{A) = M(AA*). 

It follows that v{A) is a polynomial in the a^-'s and the a^ 's and so it can be de- 
fined for all matrices A by continuity. The continuation posseses the multiplicative 
property. 

4.4. Study determinants. 

In Section 1.1 a homomorphism 6 : HI — > M(2,C) was defined. This homomor- 
pism can be extended to homomorhism of matrix algebras 

6 n : M(n,M) -> M(2ra,C). 

Let A = (aij) G M(n, H), set 6 n (A) = (9(a i:j )). 

In 1920, E. Study [S] defined a determinant S(A) of a quaternionic matrix A of 
order n by setting <S(A) = det 9 n (A). Here det is the standard determinant of a 
complex matrix. 

The following proposition is well known (see [As]). 

Proposition 4.6. For any quaternionic matrix A 

S(A) = M(AA*). 

The proof in [As] was based on properties of eigenvalues of quasideterminant 
matrices. Our proof based on Sylvester identity and homological relations actually 
shows that S(A) = v{A) for a generic matrix A. 

V. Algebras with anti-involutions 

All our results are valid for algebra R with anti-involutions I : R — > R such 
that subalgebra Ro = {r e R : I(r) = r} is central and the monoid of invertible 
elements in R is open in some topology. 

Let R be an algebra over a field F. An anti-involution of R is a F-linear map 
I : R R such that I(xy) = I(y)I(x) and I 2 (x) = x for any x,y G R. It is common 
to write x instead of I(x) for x G R. 

References 

[Ad] S.L. Adler, Quaternionic quantum mechanics and quantum fields, 1995. 

[Al] S. Alesker, Non- commutative linear algebra and plurisubharmonic functions of quaternionic 

variables, arXiv:math.CV/010429 (2002). 
[As] H. Aslaksen, Quaternionic determinants, Math. Intelligencer . 15 (1996), no. 3, 57-65. 

[B] F. A. Berezin, Introduction to Super analysis, 1987. 

[Ca] A. Capelli, Uber die Zuriickfiihrung der Cayley'schen Operationen fl und gewohnlishe Polar- 
operationen, Math. Ann. . 29 (1887), 331-338. 

[C] A. Cayley, On certain results relating to quaternions, Collected math papers 1 (1989), 123-126. 

12 



[Di] J. Dieudonne, Les determinantes sur un corps non commutatif, Bull. Soc. Math. France . 71 
(1943), 27-45. 

[Dr] P. Draxl, Skew fields, London Math. Soc. Lecture notes 81 (1983). 

[Dyl] F. Dyson, Quaternion determinants, Helv. Phys. Acta 45 (1972), 289-302. 

[EGR] P. Etingof, I. Gelfand, and V. Retakh, Factorization of Differential Operators, Quasideter- 

minants, and Nonabelian Toda Field Equations, Math. Res. Letters 4 (1997), no. 2-3, 413-425. 
[EGR1] P. Etingof, I. Gelfand, and V. Retakh, Nonabelian Integrable Systems, Quasideterminants, 

and Marchenko Lemma, Math. Res. Letters 5 (1998), no. 1, 1-12. 
[ER] P. Etingof and V. Retakh, Quantum Determinants and Quasideterminants, Asian J. of 

Mathematics 3 (1999), no. 2, 345-352. 
[F] D. Foata, A noncommutative version of the matrix inversion formula, Adv. in Math. . 31 

(1996) , no. 3, 330-349. 

[GKLLRT] I. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. Retakh, and J.-Y. Thibon, Noncom- 
mutative Symmetric Functions, Advances in Math 112 (1995), no. 2, 218-348. 

[GR] I. Gelfand and V. Retakh, Determinants of Matrices over Noncommutative Rings, Funct. 
Anal. Appl. 25 (1991), no. 2, 91-102. 

[GR1] I. Gelfand and V. Retakh, A Theory of Noncommutative Determinants and Characteristic 
Functions of Graphs, Funct. Anal. Appl. 26 (1992), no. 4, 1-20. 

[GR2] I. Gelfand and V. Retakh, A Theory of Noncommutative Determinants and Characteristic 
Functions of Graphs. I, Publ. LACIM, UQAM, Montreal 14 (1993), 1-26. 

[GR3] I. Gelfand and V. Retakh, Noncommutative Vieta Theorem and Symmetric Functions, 
Gelfand Mathematical Seminars 1993-95, Birkhauser, Boston (1996), 93-100. 

[GR4] I. Gelfand and V. Retakh, Quasideterminants, I, Selecta Math 3 (1997), no. 4, 517-546. 

[GV] V. Goncharenko and A. Veselov, Darboux Transformations for Multidemensional Schrddinger 
Operators, J. Phys. A: Math. Gen. 31 (1998), 5315-5326. 

[H] A. Heyting, Die Theorie der linearen Gleichungen in einer Zahlenspezies mit nichtkommuta- 
tiver Multiplikation, Math. Ann . 98 (1927), 465-490. 

[J] C. Joly, Supplement to Oevres of Hamilton, 1900. 

[KL] D. Krob and B. Leclerc, Minor Identities for Quasi- Determinants and Quantum Determi- 
nants, Comm. Math. Phys. 169 (1995), no. 1, 1-23. 

[KS] P. P. Kulish, E. K. Sklyanin, Quantum spectral transform method. Recent developments, 
Math. Lecture Notes in Physics . 151 (1982), no. 3, 61-119. 

[LST] B. Leclerc, T. Scharf, and J.-Y. Thibon, Noncommutative Cyclic Characters of Symmetric 
Groups, J. of Combinatorial Theory, Series A 75 (1996), 55-69. 

[M] E.H. Moore, On the determinant of an hermitian matrix of quaternionic elements, Bull. Amer. 
Math. Soc. 28 (1922), 161-162. 

[MB] E.H. Moore and R.W. Barnard, General Analysis, 1935. 

[Mo] A. Molev, Noncommutative Symmetric Functions and Laplace Operators for Classical Lie 

Algebras, Lett. Math. Phys. 35 (1995), no. 2, 135-143. 
[Mol] A. Molev, Gelfand-Tsetlin Bases for Representations of Yangians, Lett. Math. Phys. 30 

(1994), no. 2, 53-60. 

[O] O. Ore, Linear equations in noncommutative rings, Ann. Math. . 32 (1996), 463-477. 

[P] A. Polischuk, Triple Massey Produ cts on Curves, Fay 's Trisecant Identity and Tangents to 

the Canonical Embedding, preprint math. AG /0109007 (2001). 
[R] A. R. Richardson, Hypercomplex determinants, Messenger of Math. . 55 (1926), 145-152. 
[RS] A. Razumov, M. Saveliev, Maximally Nonabelian Toda Systems, Nuclear Physics B 494 

(1997) , no. 3. 

13 



[RRV] V. Retakh, C. Reutenauer, and A. Vaintrob, Noncommutative Rational Functions and 
Farber's Invariants of Boundary Links, in: Differential Topology, Infinite-dimensional Lie 
Algebras and Applications. Amer Math Soc Transl. 194 (1999), 237-246. 

[RSh] V. Retakh and V. Shander, Schwarz Derivative for Noncommutative Differential Algebras, 
Advances in Soviet Math. 17 (1993), 139-154. 

[Re] C. Reutenauer, Inversion Height in Free Fields, Selecta Mathematica 2 (1996), no. 1. 

[SK] M. Sato, M. Kashiwara, The determinant of matrices of pseudo- differential operators, Proc. 
Japan Acad, of Sci. . 51 (1975), no. 1, 17-19. 

[S] E. Study, Zur Theorie der Lineare Gleichungen, Acta Math. 42 (1920), 1-61. 

[Sch] M. Schork, The bc-sustem of higher rank revisited, J. Phys. A: Math. Gen. 35 (2001), 2627- 
2637. 

[VP] P. Van Praag, Sur le norme reduite du determinant de Dieudonne des matrices quaterniennes, 

J. Algebra 136 (1991), 265-274. 
[W] R. F. Williams, A new zeta function, natural for links, From Topology to Computation 

(Smalefest volume) (1993), 270-278. 
[Z] F. Zhang, Quaternions and matrices of quaternions, Linear Algebra Appl. 251 (1997), 21-57. 



Department of Mathematics, Rutgers University, Piscataway, NJ 08854 

E-mail address: 
I. G. : igelfand@math.rutgers.edu 
V. R. : vretakh@math.rutgers.edu 
R. W. : rwilson@math.rutgers.edu 



14 



